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1 . 0  INTRODUCTION 
S i m p l f i c a t i o n  of t h e  problem of f i n d i n g  t h e  th ree-d imens iona l  
p o t e n t i a l  f low f i e l d  f o r  a  f i n i t e  number of b lades  of  cons t an t  
c i r c u l a t i o n  i n  an  a x i a l  flow turbomachine t o  t h e  de t e rmina t ion  of 
t h e  th ree-d imens iona l  f i e l d  due t o  a  s i n g l e  r a d i a l  v o r t e x  f i l a -  
ment of  uniform s t r e n g t h  i n  a  c y l i n d r i c a l  annulus has been made 
by Tyson (1). For more t han  one b lade ,  t h e  s o l u t i o n  may be  found 
by s u p e r p o s i t i o n  of t h e  s i n g l e  f i l a m e n t  f i e l d s .  
The Laplace  equa t ion  i n  c y l i n d r i c a l  coo rd ina t e s  
governs t h e  behavior  of  t h e  v e l o c i t y  p o t e n t i a l  @ i n  t h e  annu la r  
r e g i o n  wi th  
r = r a d i a l  coo rd ina t e  from t h e  c e n t e r l i n e ,  
8 = angu la r  p o s i t i o n  from a  r e f e r e n c e  l i n e ,  
x = a x i a l  p o s i t i o n  a long  t h e  annulus from a  
r e f e r e n c e  p l ane  normal t o  t h e  c e n t e r l i n e ,  
a = hub r a d i u s ,  and 
b  = cas ing  r a d i u s .  
The boundary cond i t i ons  s t a t e  t h a t  t h e  i n n e r  and o u t e r  cy- 
l i n d r i c a l  boundar ies  of t h e  annulus ,  r = a  and b, a r e  s t ream 
s u r f a c e s ,  and t h a t  t h e  on ly  s i n g u l a r i t y  i n  t h e  f i e l d  i s  a  
s i n g l e  r a d i a l  vo r t ex  f i l amen t  l o c a t e d  a t  8 = 0, x  = 0. The 
t o t a l  c i r c u l a t i o n  of t h e  f i l amen t ,  I?, i s  assumed t o  be evenly  
d iv ided  upstream and downstream of t h e  f i l a m e n t .  
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Employing s e p a r a t i o n  of  v a r i a b l e s  and a  p e r i o d i c  s e r i e s  
r e p r e s e n t a t i o n ,  t h e  s o l u t i o n  f o r  t h e  r e q u i r e d  v e l o c i t y  p o t e n t i a l  
may be w r i t t e n :  
s i n  m e  
where t h e  s i g n  d i f f e r e n c e  r e f e r s  t o  t h e  r e g i o n s  upstream and 
downstream of t h e  f i l a m e n t  l o c a t i o n ,  and 
@ = dimens ion less  v e l o c i t y  p o t e n t i a l  @/r, 
'nm 
= cons t an t ,  
'nm 
= cons t an t ,  
J = Besse l  f u n c t i o n  of t h e  f i r s t  k ind,  
m 
Y = Besse l  f u n c t i o n  of t h e  second kind,  
m 
B = cons t an t ,  
nm 
Z = J + B Y  
m m nm m' 
pnm = dimens ion less  Eigenvalue h a ,  nm 
q~  = hub r a t i o ,  a/b, 
q  = dimens ion less  r a d i a l  coord ina te ,  r/b, and 
4 = dimens ion less  a x i a l  coo rd ina t e ,  x/b. 
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To superpose  t h e  v e l o c i t y  f i e l d s  due t o  a  number of  f i l a -  
ments ( s e e  Reference 1) 
where 
N = t h e  number o f  f i l a m e n t s ,  
V = t h e  r e s u l t a n t  t a n g e n t i a l ,  r a d i a l ,  o r  a x i a l  
v e l o c i t y ,  and 
v  = t h e  t a n g e n t i a l ,  r a d i a l ,  o r  a x i a l  v e l o c i t y  com 
ponent due t o  a  s i n g l e  f i l a m e n t .  
2 . 0  NUMERICAL CALCULATIONS 
The s o l u t i o n  p re sen t ed  i n  Equation [ 2 ]  has  been programmed 
by HYDRONAUTICS, Inco rpo ra t ed  u s ing  FORTRAN IV on a n  IBM 1130 
Computer. There a r e  two d i s t i n c t  c a l c u l a t i o n s ,  r e q u i r e d  and 
s e p a r a t e  programs were w r i t t e n  f o r  each of t h e s e .  The f i r s t  
c a l c u l a t e s  t h e  Eigenvalues IJ. t h e  c o e f f i c i e n t  r a t i o  pnm/ynrn, 
nm' 
and t h e  c o e f f i c i e n t  Brim. The second u s e s  t h e s e  va lues  t o  com- 
p u t e  @ and u l t i m a t e l y  t h e  dimensionless  a x i a l ,  t a n g e n t i a l  and 
r a d i a l  v e l o c i t y  components : 
a @  C = - , and 
7 37 
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The computer c a l c u l a t i o n  t ime r e q u i r e d  t o  determine each 
Eigenva l u e ,  
'nm' 
wi th  c o e f f i c i e n t s  f i  /y and Bn,, i s  app rox i -  
nm nm 
mately  f o u r  minutes .  The t ime r e q u i r e d  t o  compute each s e t  of  
t h r e e  v e l o c i t i e s  i s  dependent on t h e  maximum va lues  of  n  and m 
s e l e c t e d .  I f  n  = 6 and m = 40 approximately  s i x  minutes 
max max 
i s  r e q u i r e d  p e r  s e t .  
3 . 0  EIGENVALUE CALCULATIONS 
The dimensionless  Eigenvalues,  
'nm 
r e q u i r e d  f o r  t h e  eva lua-  
t i o n  of  Equation [ 2 ]  were c a l c u l a t e d  numer ica l ly  and compared t o  
t h e  va lues  g i v e n f o r  a  s i n g l e  hub r a t i o  q  of  0.60 i n  Reference  1, H 
which cover t h e  range  of n  = 1 , 2  and m = 1 through 10, 15 and 
20. The va lues  between m = 10, 15 and m = 15, 20 were found i n  
(1) by i n t e r p o l a t i o n ,  and va lues  from m = 20 t o  m = 26 were 
found by e x t r a p o l a t i o n .  The p r e s e n t  c a l c u l a t i o n s ,  based on a  
t r i a l  and e r r o r  s o l u t i o n  of t h e  e igenva lue  equat ion,  show a g r e e -  
ment wi th  t h e s e  e igenvalues  t o  t h e  l i m i t  of  t h e  f o u r  s i g n i f i c a n t  
d i g i t s  p r e s e n t e d .  F igu re s  1, 2, and 3 p r e s e n t  t h e  e igenva lues  
c a l c u l a t e d  f o r  n  = 1 t o  6, m = 1 t o  40 and qH of .70 and .80 a s  
we l l  a s  .60. 
Reference  1 s t a t e s  t h a t  an approximate s e r i e s  r e p r e s e n t a t i o n  
( ~ e f e r e n c e  2 )  f o r  y  i s  a v a i l a b l e ,  b u t  i s  n o t  a c c u r a t e  f o r  smal l  
nm 
va lues  o f  n  and m .  This  s e r i e s  r e p r e s e n t a t i o n  was programmed 
and compared t o  t h e  p r e s e n t  numerical  s o l u t i o n .  F igu re  4 shows 
t h a t  t h e  s e r i e s  r e p r e s e n t a t i o n  f o r  n  = 3 a g r e e s  t o  w i th in  5 pe r -  
c e n t  of  t h e  numerical  va lues  up t o  m = 21. Beyond t h i s  t h e  
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agreement becomes p r o g r e s s i v e l y  worse u n t i l  a t  m = 40, t h e  d i s -  
crepancy i s  more than 200 p e r c e n t .  Other va lues  of  n  were a l s o  
chosen and t h e  e igenva lues  c a l c u l a t e d  by t h e  s e r i e s  approximat ion 
were compared t o  t h e  exac t  v a l u e s .  The conclus ion drawn was t h a t  
t h e  s e r i e s  i s  a  more s u i t a b l e  r e p r e s e n t a t i o n  of  p when n, m 
nm 
a r e  smal l ,  t h e  r e v e r s e  of t h e  conclus ion s t a t e d  i n  Reference 1. 
4 . 0  CONVERGENCE OF THE THREE-DIMENSIONAL SOLUTION 
I n  o r d e r  t o  check t h e  i n f l u e n c e  of  t h e  number of  terms 
(n,  m )  on t h e  convergence of t h e  s o l u t i o n s  f o r  v e l o c i t y  com- 
ponents a t  va r ious  l o c a t i o n s  wi th  r e s p e c t  t o  t h e  v o r t e x  f i l a m e n t ,  
c a l c u l a t i o n s  were made wi th  vary ing  s e r i e s  l e n g t h s .  It was known 
from (1) t h a t  convergence becomes more d i f f i c u l t  a s  t h e  f i l a m e n t  
i s  approached.  I n  Reference 1 va lues  of  n  = 2, m = 26 were used 
and t h e  c l o s e s t  c a l c u l a t i o n s  t o  t h e  f i l a m e n t  were made a t  4 = 0 .2 ,  
0 0 8 = 15 . Values a t  8 = 0  were a l s o  c a l c u l a t e d  bu t  were ze ro  
except  f o r  C 8 ' 
Figu re  5 shows t h a t  t h e  number of  terms used by i n  Refer -  
ence 1 was s u f f i c i e n t  t o  i n s u r e  t h e  convergence of a l l  t h r e e  
0 
v e l o c i t y  components a t  q = 0 .80  f o r  4 = 0.20,  8 = 1 5 ,  qH = 0 . 6 .  
S i m i l a r  r e s u l t s  were ob ta ined  f o r  n  = 0 .60  and q = 1 . 0 0 .  I n  
a t t emp t ing  t o  make c a l c u l a t i o n s  n e a r e r  t o  t h e  v o r t e x  f i l a m e n t  
t h e  l imits  o f  n  = 2, m = 26 a r e  no longer  s u f f i c i e n t .  F i g u r e  6 
0 i n d i c a t e s  t h a t  i n  t h e  r eg ion  8 = 5 , 4 = 0 .05  a  s e r i e s  of  n  = 6, 
m = 40 i s  r e q u i r e d  wi th  convergence f o r  a l l  t h r e e  v e l o c i t y  com- 
ponents s e n s i t i v e  t o  both  l i m i t s .  
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I t  i s  t h u s  appa ren t  t h a t  t h e  s e r i e s  l e n g t h  r e q u i r e d  f o r  
convergence and,  t h e r e f o r e ,  t h e  t ime r e q u i r e d  f o r  each c a l c u l a t i o n  
i s  s t r o n g l y  dependent on prox imi ty  t o  t h e  f i l a m e n t .  For a  hub 
r a t i o  o f  0.60, a  s e r i e s  l e n g t h  o f  n  = 6, m = 40 i s  a p p a r e n t l y  
0 
adequa te  t o  a s  c l o s e  a s  8  = 5  , a = 0 .05 .  
The c a l c u l a t i o n s  of  Reference 1 were r epea t ed  f o r  t h e  hub 
r a t i o  of  0 .6 .  F igu re  7a f o r  4 = 0 . 2 0  and 8  = 0' t o  1-80', shows 
good agreement f o r  t h e  dimensionless  t a n g e n t i a l  v e l o c i t y  com- 
ponent,  C a t  t h e  mid r a d i u s ,  q = 0.80;  b u t  s u b s t a n t i a l  d e v i a t i o n  8 
f o r  t h e  hub and t i p  r a d i i .  F igu re  7b shows a  s i m i l a r  r e s u l t  f o r  
4 = 0.80,  a l t hough  t h e  magnitude of t h e  d e v i a t i o n s  between t h e  
va lues  c a l c u l a t e d  i s  cons ide rab ly  reduced over  t h o s e  a t  < = 0 .20 .  
I n  gene ra l ,  a t  a l l  b u t  mid r a d i u s ,  t h e  p r e s e n t  c a l c u l a t i o n s  i n -  
d i c a t e  a  h ighe r  va lue  o f  C nea r  t h e  f i l a m e n t  and lower v a l u e  of 8  
C g  f a r  away from t h e  f i l a m e n t  than  t h e  r e s u l t s  of  (1). 
I n  t h e  c a s e  of t h e  dimensionless  a x i a l  v e l o c i t y  component, 
C t h e  p r e s e n t  r e s u l t s  aga in  ag ree  wi th  Reference 1 a t  t h e  mid 4 ' 
r a d i u s ,  but  n o t  a t  t h e  hub o r  t i p  a s  shown i n  F igures  8a and 8b .  
The p r e s e n t  c a l c u l a t i o n s  i n d i c a t e  t h e  a x i a l  v e l o c i t y  t o  be 
g r e a t e r  than  r e p o r t e d  i n  (1) f o r  a l l  va lues  of  8 .  
I t  i s  d i f f i c u l t  t o  exp la in  t h e  d i s c r e p a n c i e s  between t h e  
p r e s e n t  c a l c u l a t i o n s  and t h e  p rev ious  r e s u l t s  (1 ), e s p e c i a l l y  s i n c e  
t h e  e igenva lues  have been shown t o  ag ree  and t h e  dimensionless  
v e l o c i t i e s  a g r e e  a t  t h e  mid r a d i u s .  One might on ly  conclude 
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t h a t  t h e  c a l c u l a t i o n s  of  (1) done i n  1952 and probably  by desk  
c a l c u l a t o r  may have con ta ined  c e r t a i n  s y s t e m a t i c  computat ional  
e r r o r s  n o t  found i n  t h e  p r e s e n t  c a l c u l a t i o n s  by h igh  speed 
computer . 
6 . 0  THE TWO-DIMENSIONAL APPROXIMATION OF THE PROBLEM 
The complex v e l o c i t y  p o t e n t i a l ,  u a t  p o s i t i o n  z  due t o  a  
s i n g l e  r e c t i l i n e a r  ( two-dimensional)  v o r t e x  f i l a m e n t  wi th  c i r -  
c u l a t i o n ,  I?, a t  p o s i t i o n  z l  i s  g iven  by 
For a  s e r i e s  of 2n + 1 v ~ r t ' i c e s  of  equa l  s t r e n g t h  spaced a long  
t h e  x a x i s  a t  i n t e r v a l s ,  a ,  wi th  t h e  c e n t e r  f i l a m e n t  a t  t h e  
o r i g i n ,  t h e  p o t e n t i a l  i s  
ir  
w = - an z  ( z - a ) ( z  + a ) ( z  - 2 a ) ( z  + 2 a ) . .  . ( z  - n a )  ( z  + n a )  277- 
This  may be r e w r i t t e n  
w = 27r an [- 1 - $-) - $1 . . . - &I] + c o n s t a n t  
n  a  
Neglect ing t h e  cons t an t  term which has no i n f l u e n c e  on t h e  
v e l o c i t y  and a l lowing  n  
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i r  
cu = --- an s i n  277- 
The r e s u l t i n g  complex v e l o c i t y  i s  
where 
u  = t h e  complex v e l o c i t y  component i n  t h e  
x  d i r e c t i o n ,  and 
v  = t h e  complex v e l o c i t y  component i n  t h e  y  d i r e c t i o n .  
S e p a r a t i n g  r e a l  and imaginary p a r t s ,  
277-Y 
r s i n h  -u = - -  a  
2a 277-x 2'Y - cos -cosh - 
a  a  
277-x 
11 s i n  y- 
I U v = -  
2a 277-x 2ay - cos -cosh -
a  a  
I f  t h e  spac ing ,  a ,  i s  t aken  t o  be 277-'q and t h e  fo l l owing  
s u b s t i t u t i o n s  a r e  made 
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we o b t a i n  
1 C = - -  s inh(e /q  ) 




s i n  8 
'4 4nq cosh 4/q - cos 0 
These a r e  t h e  two-dimensional approximations t o  t h e  non- 
dimensional  a x i a l  and t a n g e n t i a l  v e l o c i t i e s  f o r  a  v o r t e x  f i l a -  
ment i n  an  annulus .  The r a d i a l  v e l o c i t y  o f  course  i s  assumed 
ze ro  a t  a l l  p o i n t s .  The hub/diameter r a t i o  does n o t  appear  s i n c e  
i n  two dimensions i t  has no s i g n i f i c a n c e .  
These equa t ions  a r e  of  t h e  same form used i n  Reference  1 t o  
c a l c u l a t e  l i m i t e d  two-dimensional r e s u l t s  f o r  comparison t o  t h e  
three-dimensional  case .  HYDRONAUTICS has programmed t h e  s o l u t i o n  
t o  t h e s e  equa t ions  and c a l c u l a t e d  C and Cg f o r  va lues  o f  q  = 0 .5 ,  
0 0 4 
t o  1.0, 8 = 5 - 90 and 4 = 0 . 0 1  t o  .80. Typica l  r e s u l t s  a s  
p r e sen t ed  i n  F igu re s  9 and 10 .  
7 . 0  COMPARISON TO TWO-DIMENSIONAL RESULTS 
I n  s e c t i o n  6 .0 ,  a  two-dimensional approximation t o  t h e  
three-dimensional  problem was p re sen t ed .  Typica l  three-dimen- 
s i o n a l  r e s u l t s  from t h e  p r e s e n t  c a l c u l a t i o n s  a r e  now p r e s e n t e d  
a s  t h e  r a t i o  of  t h e  3 - D  r e s u l t  t o  t h e  much s impler  2-D c a s e .  
Th is  method of p r e s e n t a t i o n  cannot be used,  of  course ,  f o r  t h e  
r a d i a l  v e l o c i t y  which i s  z e ro  i n  two dimensions.  
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7 . 1  The 0 .60  Hub R a t i o  Case 
F igu re s  l l a  and l l b  show t h e  v a r i a t i o n  of t h e  r a t i o  
of  3 -D  t a n g e n t i a l  v e l o c i t i e s  t o  2-D va lues  f o r  4 = 0 .20  and 0 .80 .  
From t h e s e  f i g u r e s  i t  can be seen t h a t  t h e  mid-radius v e l o c i t i e s  
a r e  equal  t o  t h e  two-dimensional va lues  whi le  t h e  hub and t i p  
va lues  d e v i a t e  by a s  much a s  20 p e r c e n t .  The hub and t i p  curves  
a r e  n e a r l y  m i r r o r  images o f  each o t h e r  about  t h e  1 . 0  l i n e .  The 
"c ross -over"  p o i n t  where hub, t i p  and mid-values a r e  a l l  n e a r  
t h e  2-D va lues  moves c l o s e r  t o  t h e  f i l a m e n t  i n  a  t a n g e n t i a l  d i -  
r e c t i o n  a s  t h e  p l a n e  under cons ide ra t i on  moves c l o s e r  t o  t h e  
f i l a m e n t  i n  an  a x i a l  d i r e c t i o n .  The d i p  i n  t h e  t i p  r a d i u s  curve 
i s  t y p i c a l .  
F igu re s  l 2 a  and 12b p r e s e n t  s i m i l a r  r e s u l t s  f o r  t h e  a x i a l  
v e l o c i t y  components and t h e  comments r e g a r d i n g  t a n g e n t i a l  ve- 
l o c i t i e s  app ly  i n  g e n e r a l  t o  t h i s  case  a s  w e l l .  The pe rcen t age  
of  d e v i a t i o n  between 2-D and 3 - D  r e s u l t s  i s ,  however, s l i g h t l y  
l a r g e r  i n  t h e  a x i a l  c a se .  
F igu re  13 shows t h e  i n f l u e n c e  of  a x i a l  l o c a t i o n  on t h e  
t a n g e n t i a l  v e l o c i t y  component a t  t h e  hub. 
7 . 2  The 0 .70  and 0 .80  Hub R a t i o  Cases 
S i m i l a r  r e s u l t s  were ob ta ined  when c a l c u l a t i o n s  were 
made f o r  7 o f  0 .70  and 0 .80 .  Again, t h e  mid r a d i u s  va lues  were H 
i n  agreement wi th  t h e  2-D r e s u l t s  whi le  t h e  hub and t i p  va lues  
showed t h e  t y p i c a l  sy s t ema t i c  mirror-image d e v i a t i o n  from t h e  
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2-D v a l u e s .  F igu re s  14 and 15 show t h a t  t h e  3-D r e s u l t s  more 
c l o s e l y  approach t h e  2-D va lues  when t h e  hub r a t i o  i s  i nc rea sed ,  
an i n t u i t i v e l y  c o r r e c t  r e l a t i o n s h i p .  
8 .0 SAMPLE STREAMLINE INTERFERENCE CALCULATIONS 
Appendix A p r e s e n t s  a  t a b u l a t i o n  of t h e  e igenva lues ,  
'nm' 
and c o e f f i c i e n t s  B  and pnm/ynm r e q u i r e d  f o r  t h e  e v a l u a t i o n  of  
nm 
Equation [ 2 ]  f o r  hub/diameter r a t i o s  of  0 .60,  0 .70  and 0 .80 .  
Appendix B p r e s e n t s  a  t a b u l a t i o n  of t h e  th ree-d imens iona l  non- 
d imensional  v e l o c i t i e s  c a l c u l a t e d  f o r  t h e  case  of q = 0 .70  and H 
q = 0.70,  ,775,  .850, ,925,  1 . 0 0 .  The c a l c u l a t i o n s  o f  Ap- 
pendix  B were made wi th  l i m i t s  o f  n  = 2, 4, o r  6 and m = 26 o r  
40 depending on prox imi ty  t o  t h e  f i l a m e n t  and convergence o f  t h e  
three-dimensional  s o l u t i o n  a s  d i s cus sed  i n  s e c t i o n  4 . 0 .  
Bowerman ( 3 )  has  p resen ted  a  t echnique  f o r  pump i m p e l l e r  
de s ign  which u t i l i z e s  t h e  r e s u l t s  of  t h e  t h r e e  dimensional  ve- 
l o c i t y  f i e l d  c a l c u l a t i o n  p r e v i o u s l y  p r e s e n t e d .  The technique  
a l l ows  t h e  des ign  of an i m p e l l e r  wi thout  t h e  u s e  of  e ~ ~ p e r i m e n t a l  
o r  t h e o r e t i c a l  cascade d a t a .  This  i s  e s p e c i a l l y  h e l p f u l  i n  t h e  
ca se  of i nduce r s  where h igh  s o l i d i t y  and h igh  s t a g g e r  a n g l e s  a r e  
r equ i r ed ,  s i n c e  cascade performance i n  t h i s  range  i s  n o t  known. 
The l a c k  of knowledge of cascade performance i n  t h i s  r ange  i s  a  
major f a c t o r  i n  t h e  adopt ion  of a  s imple ,  h e l i c a l  b l ade  t o  i n -  
ducer  a p p l i c a t i o n s .  
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I n  Reference 4, t h e  second s t a g e  of  a  tandem-row induce r  
was des igned u s i n g  t h e  Bowerman des ign  technique .  T e s t s  o f  t h i s  
s t a g e  i n d i c a t e d  t h e  need f o r  emp i r i ca l  mod i f i ca t i ons  t o  improve 
performance. The r e s u l t s  g iven  by Tyson (1)) however, were used 
i n  t h i s  des ign and a s  shown i n  Sec t ion  5 . 0  t h e  p r e s e n t  c a l c u l a t i o n s  
d i s a g r e e  s u b s t a n t i a l l y  w i th  t h e  r e s u l t s  of (1) a t  a l l  b u t  t h e  mid 
r a d i u s .  
Using t h e  p r e s e n t  th ree-d imens iona l  r e s u l t s ,  a  sample i n -  
t e r f e r e n c e  s t r e a m l i n e  c a l c u l a t i o n  was conducted u s i n g  t h e  f o l -  
lowing cond i t i ons :  
Impe l l e r  d iamete r  = 7 .0"  
Diameter under  cons ide ra t i on ,  q  = 1 . 0 0  
Hub/diameter r a t i o ,  qH = 0.70 
L i f t  parameter ,  C L ( c / ~ )  = 0.493 
S o l i d i t y ,  CD = 1 .795  
Chord, c  = 9.87" 
Axia l  e x t e n t  r a t i o ,  ct  = 0 .641  
Di f fu s ion  f a c t o r  = 0.275 
Number o f  b lades  = 4  
Vortex f i l aments /b lade  = 6 
Design flow c o e f f i c i e n t  = 0 .10  
2nd s t a g e  des ign  head c o e f f i c i e n t  = . 2 l 2 5  
rpm of i m p e l l e r  = 4000 
1 s t  s t a g e  des ign  head c o e f f i c i e n t  = ,0375 
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F igu re  16  i n d i c a t e s  t h e  v a r i a t i o n  of Cg wi th  a x i a l  l o -  
t o t a l  
c a t i o n ,  (, a s  ob ta ined  u s i n g  t h e  th ree-d imens iona l  and two-di- 
mensional r e s u l t s .  While t h e r e  a r e  d i s c e r n a b l e  d i f f e r e n c e s ,  t h e  
c a l c u l a t i o n  i n d i c a t e s  t h a t ,  a t  l e a s t  f o r  hub/diameter r a t i o s  of  
0.70 o r  g r e a t e r ,  t h e r e  i s  n o t  enough d i f f e r e n c e  between t h e  r e -  
s u l t s  t o  j u s t i f y  t h e  c a l c u l a t i o n  of t h e  more complicated t h r e e -  
d imensional  va lues .  
9 .0  SUMMARY AND CONCLUSIONS 
I n  summary: 
( a )  A computer program t o  s o l v e  t h e  th ree-d imens iona l  
f low f i e l d  from a  r a d i a l  v o r t e x  f i l a m e n t  i n  a  c y l i n d r i c a l  annulus  
has  been w r i t t e n .  
( b )  The convergence o f  t h e  so lu t i onsdepends  on p r o x i -  
mi ty  t o  t h e  v o r t e x  f i l a m e n t ,  wi th  more and more terms r e q u i r e d  
i n  t h e  summation a s  t h e  f i l amen t  i s  approached i n  e i t h e r  t h e  
a x i a l  o r  t a n g e n t i a l  d i r e c t i o n .  
( c )  The e igenva lues  used i n  Reference 1 a g r e e  w i th  
t h e  p r e s e n t  va lues .  The s e r i e s  r e p r e s e n t a t i o n  of t h e  e igen-  
va lues  ( 2 )  i s  v a l i d  f o r  smal l  va lues  of  m and n  on ly .  
( d )  Considerable  disagreement was found between t h e  
p r e s e n t  three-dimensional  r e s u l t s  and t h e  r e s u l t s  r e p o r t e d  i n  
Reference 1 except  a t  t h e  mid-radius .  
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( e )  A sy s t ema t i c  d e v i a t i o n  was found between t h e  
p r e s e n t  three-dimensional  c a l c u l a t i o n s  and t h e  two-dimensional 
approximation wi th  maximum d i f f e r e n c e s  on t h e  o rde r  of  25 pe r -  
c e n t .  The l a r g e r  t h e  hub/diameter r a t i o ,  t h e  c l o s e r  t h e  t h r e e -  
d imensional  r e s u l t s  a r e  t o  t h e  two-dimensional.  
( f  ) Eigenvalues and c o e f f i c i e n t s  r e q u i r e d  f o r  t h e  
three-dimensional  c a l c u l a t i o n s  a t  hub/diameter r a t i o s ,  , of 
0.60, 0 .70  and 0 .80  a r e  t a b u l a t e d  i n  Appendix A .  Actual  ve-  
l o c i t i e s  f o r  qH = 0 .70  a r e  t a b u l a t e d  i n  Appendix B. 
( g )  A sample i n t e r f e r e n c e  s t r e a m l i n e  c a l c u l a t i o n  
showed l i t t l e  d i f f e r e n c e  between Cg u s i n g  th ree-d imens iona l  
t o t a l  
r e s u l t s  o r  two-dimensional r e s u l t s  i n  t h e  summation i n  t h e  c a s e  
of  qH = 0.70.  For t h i s  case ,  t h e r e f o r e ,  t h e  more complicated 
t h r e e  dimensional  c a l c u l a t i o n s  a r e  u n j u s t i f i e d .  
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APPENDIX A 
Eigenvalues and C o e f f i c i e n t s  
For q = 0.60, 0.70, 0 .80 H 
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N M HUB E IGENVALUE 8 ( V r t 4 )  
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-21- 
r\l M HUC E f G E Y V A L U E  b ( ? . l s M f  EET F+/GAMMA 
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0.60 2 3 . 5 8 4 2 0  
u . 6 0  2 3 . 6 2 7 4 7  
3 . 6  23.68610 
u .60  2 3 . 7 7 4 9 1  
u . 6 0  2 7 , 8 8 6 6 6  
C o 6 U  ~ 4 . 0 2 7 0 6  
Q.60 24.18968 
c.60 r 4 . 3 7 6 0 6  
C , b G  2 4 . 5 8 5 8 5  
0 2 4 . 8 1 6 4 3  
O O C O  23 .07331  
i ~ . C O  2 5 . 3 4 3 8 9  
G.60 2 5 , 6 4 7 4 6  
. 2 5 . 9 6 5 5 5  
u.63 2 6 , 3 0 3 5 4  
3.60  L h . h L O ~ , %  
O e C U  2 1 .0363 ' )  
u . C C  2 7 . 4 3 0 1 7  
u.60 2 7 , 8 4 1 2 6  
u . t O  2 b . 7 6 9 2 5  
Uot jU  2 F . 7 1 3 5 3  
0.6r; 1 9 .  1 7 3 5 1  
d. f > ( i  L Y .  C4R74, 
b . 0 3  3 0 . 1 3 8 9 6  
b o b  3 0 . 6 4 3 5 6  
L o  31.16227 
u . 6 0  3 1 . 6 9 4 6 7  
L. 6" 32.24C)bO 
d.69 3 2 . 7 9 9 P h  
U.6:? 3 3 . 3 7 2 3 6  
U.60 13 .95793 
O . h O  34.55650 
0.60 3 5 . 1 6 8 1 5  
0- 6 3 5 , 7 9 2 8 1  
d , h [ )  3 6 . 4 3 0 4 6  
G o  6 0  3 7 a 0 8 0 Y 0  
C l . t l C 1  3 7. 7 4 4 0 3  
0. t '  3P. 4 192 Lj 
b.hC 3'2 .  1 0 3 7 8  
Ue 60 3 3 .  PO243 
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-25- 
N W HUB E I G E N V A L U E  B ( Y * P )  R E T A / G A E . I P A  
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P E T  A / G A M k q A  
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-30- 
N M HUB Ii IGENVALlfE b ( t ~ , M )  H E T A / G A M M A  
0.12879E 01 -0.13292E-02 
-0147786E 00 -0s77079E-02 
0.107LOE 02 0.171RUE-02 
0.41274E 00 0.31533E-01 
-0.64277E 00 0,44712E-01 
-0065018t 01 O e  11471 E-01 
0,14799E 01 -0.58024F-01 
0.33695E 00 -0.12782E 00 
-0.24b32E 00 -0.16496E 00 
-0.909441 00 -0el543AE 00 
-0,23467E 01 -0.38379E-01 
-0.33467E 0 2  -0.88465E-02 
O033082t 01 0,99697t-01 
0.15483E 01 0o21449E 00 
0,94148E 00 0.32635E 00 
0,60796E 00 0.42972E 00 
0038338C 00 0052193E 00 
0.21439E UO C.hO207E 00 
0.78622f-01 0.67082E CJO 
-0.34927E-01 0.72963E C 0  
-0013135t 00 Oe78005E Oil 
-0.21571E 00 0.82375E 00 
-0.28E11E 00 0,86247E 00 
-0.350302 00 0,89769E 00 
-0e403C3t 00 0e93060E 00 
-0.44684f OU 0.96229E 00 
-0,4P225f 00 0.9935tE 00 
-0.5097PE 00 0.10251t 01 
-0.52999E 00 0.10576E 01 
-0.54346k 00 Oe10310tr 01 
-0.55065E 00 0*1126CE 01 
-0e55283E 00 0e11625f 01 
-O155O86k 00 0,1200CSE 01 
-0.54320E 00 0.12403E 01 
-0.53288E 00 0.12818E 01 
-0e51YG8E 00 0013248E 01 
-0.50415E 00 Oo13692E 01 
-0.4E674E 00  0.14151E 01 
-0.46793E 00 0.14622E 01 
-0.44E06E O U  0015104E 01 




N M H U B  E I G E N V A L U E  L3(NqM) R E T A / G A M M A  
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N M HUB E I G E U V A L U E  B ( i l , M )  B E T A / G A M M A  
U. PO 50,2794 1 
0.80 50.30330 
0,80 50.34305 
0.80 5 0 - 3 9 P 7 1  
6.80 5C.47G12 
0.80  50.55734 
0.60 50,66G14 
0,QO 50,77857 
L * 8 0  50.91247 
0 e @ 0  31.06168 
b,80 51.22611 
b . E O  51 .40557 
0.80 5 1 o 6 0 0 0 0  
U.80 51 .80913 
0. PO 52.03292 
0 , 6 0  52.27102 
0 . 8 0  52.52336 
b 0 8 C  52.78974 
0.80 53.069E5 
O.80 53,36360 
0.80 53067062  
0.80 >3.95086 
0 . 8 0  34.32395 
b ,bO 54.66983 
OobO 55e02W5 '  
0 5 * 3 , 3 9 t b R  
0.80 55.78116 
(1.DQ 56,17539 
L e n 0  56,58115 
O . t O  56.99V17 
0 . 8 0  5 7 . 4 ~ 6 2 0  
0 5 7 e H b > C 5  
b . 0  5t2.31445 
. 5 r . 7 7 4 1 7  
b e  59,24399 
t i e  P O  3 9 0  72368  
C a b 0  i>0 .21301 
L E O  h0.71176 
0.80 61,21970 
O * C O  b1 .73661  





Components for qH = 0.70 
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APPENDIX B 
Key t o  Computer Output: 
Rad ia l  Coordinate  = q 
Axial  Coordinate  = 
Theta = 8 
Limi t s  o f  I n t e g r a t i o n  Used: 
0 4 = 0 .05  - 0 .15  ; 0 = o - 180' 
0 E = 0 .20  - 1 . 0 0 ;  9 = 0  - 1 5 O  
0 Note: I n  most cases  two va lues  f o r  8 = 15 a r e  l i s t e d .  
The f i r s t  i s  f o r  N = 4, M = 40 and t h e  second f o r  N = 2, 
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HUB = 0.60 
rn 
FIGURE 1 - EIGENVALUES FOR A 0.60 HUB RATIO 
H'SDRONAUTICS, INCORPORATED 




0 10 2 0 30 40 
m 
FIGURE 2 - EIGENVALUES FOR A 0.70 HUB RATIO 
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0 10 20 30 40 
m 
FIGURE 3 - EIGENVALUES FOR A 0.80 HUB RATIO 
HYDRONAUTICS, INCORPORATED 
1 000. 
FIGURE 4 - DEVIATION I N  PERCENT BETWEEN SERIES APPROXIMATION (REF. 2 ) 
TO ElGEN VALUES y N M  

















































































































































0.2 0.4 0.6 0.8 
DIMENSIONLESS AXIAL LOCATION, 4 
FIGURE 9 - TWO DIMENSIONAL SOLUTION OF TANGENTIAL VELOCITY FOR T/=  0.90. 
0.2 0.4 0.6 0.8 
DIMENSIONLESS AXIAL LOCATION, 6 





















































































( a -  z ) @ 3  
( a -  c) '3  
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( a -  z133 
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DlMENSlONLESS AXIAL LOCATION, 6 
FIGURE 1-6 - SAMPLE INTERFERENCE STREAMLINE CALCULATION USING BOTH TWO 
AND THREE DIMENSIONAL RESULTS 
